Abstract. Let Q be a connected directed quiver with n vertices. We show that Q is representation-infinite if and only if there do exist n isomorphism classes of exceptional modules of some fixed length t ≥ 2.
that e(2) ≥ n and therefore t Q = 2. Altogether we have shown that the assertion (iii) with t = 2 holds.
We therefore can assume from now on that Q is a tree, thus e(2) = n − 1. We insert the following lemma.
Lemma. Let Q ′ be a subquiver of Q with n ′ vertices. If 2 ≤ t ≤ n ′ , then e Q (t) ≥ e Q ′ (t) + n − n ′ .
Proof of Lemma. It is sufficient to consider the case n ′ = n − 1, thus Q ′ is obtained from Q by deleting one vertex, say ω (and all the arrows involving ω). We consider the e(t) exceptional representations of Q ′ as representations of Q; they are exceptional representations of Q. Since t ≤ n, there is a connected subquiver Q ′′ of Q which contains the vertex ω and such that Q ′′ has precisely t vertices. Since Q is a tree, also Q ′′ is a tree, thus there is a unique thin indecomposable representation M of Q with support equal to Q ′′ (a representation is said to be thin provided all Jordan-Hölder multiplicities are bounded by 1). Of course, a thin indecomposable representation of a tree quiver is exceptional. This shows that e Q (t) ≥ e Q ′ (t) + 1 = e Q ′ (t) + n − n ′ .
We return to the proof of Theorem. Assume that Q has a subquiver Q ′ of type D m with m ≥ 4. Now Q ′ has a subquiver Q ′′ of type A m−1 , let i, j be the two vertices of Q ′ which do not belong to Q ′′ . Then Q ′′ has precisely m − 3 connected subquivers with 3 vertices. The quiver Q ′ has additional connected subquivers with 3 vertices: for m = 4 there are 5 such subquivers, for m ≥ 5 only 4. Thus, we see that e Q ′ (3) = (m − 3) + 5 = m + 2, whereas e Q ′ (3) = (m − 3) + 4 = m + 1, in case m ≥ 5. Taking into account the Lemma, we see that e Q (3) ≥ n + 1 in case Q has a subquiver of type D 4 , and that e Q (3) ≥ n in case Q has a subquiver of type D m , with m ≥ 5. In both cases, we see that t Q = 3.
Next, we look at the quivers Q with precisely one branching vertex and precisely 3 arms. In this case, we claim that e(3) = n−1. The proof is by induction on n, starting with a quiver of type D 4 . Clearly, for Q of type D 4 , we have e Q (3) = 3. Enlarging one of the branches by an additional vertex, say ω, the enlarged quiver has precisely one connected subquiver with 3 vertices such that ω is one of these vertices.
Such a quiver Q with precisely one branching vertex and three arms is of the form T pqr with p ≥ q ≥ r ≥ 2 (the graph T pqr is obtained from the disjoint union of graphs of type A p , A q , A r by identifying one of the end points of these three graphs). If Q is in addition (as we assume) representation-infinite, then Q has a subquiver Q ′ of type E m with m = 6, 7, 8. More precisely: We have r ≥ 3 if and only if E 6 is a subquiver of Q. We have r = 2 and q ≥ 4 if and only if E 6 is not a subquiver of Q, but E 7 is a subquiver of Q, and finally r = 2, q = 3 and p ≥ 6 if and only if neither E 6 nor E 7 is a subquiver of Q, but E 8 is a subquiver of Q.
Let us exhibit for the quivers Q of type E 6 , E 7 , E 8 the numbers e Q (s) with s suffi- The numbers in the shaded area still have to be verified, but this is an easy exercise left to the reader. If Q is of type T pqr with r ≥ 3, then e Q (4) = n (and therefore t Q = 4). We show this by induction, starting with Q of type T 333 = E 6 . Assume that Q ′ ⊂ Q both are quivers of type T pqr with r ≥ 3 such that Q ′ is obtained from Q by deleting one vertex, say ω (and the arrow which involves ω), then there is just one exceptional representation M of Q of length 4 with ω in the support of M (the support of M is a subquiver of type A 4 ). It follows that e Q (4) = e Q ′ (4) + 1. Thus, the induction shows that e Q (4) = n.
If Q is of type T pq2 with q ≥ 4, then we claim that e Q (4) = n − 1 and e Q (5) = n (and therefore t Q = 5). Again we use induction, now starting with the quivers of type T 442 = E 7 . Assume that Q ′ ⊂ Q are quivers of type T pq2 with q ≥ 4 such that Q ′ is obtained from Q by deleting again one vertex ω. There is just one exceptional representation M of Q of length 4 and also just one exceptional representation M ′ of Q of length 5 such that ω is in the support of M and of M ′ (the support of M and M ′ are subquivers of type A 4 and A 5 , respectively). It follows that e Q (s) = e Q ′ (s) + 1, for s = 4 and s = 5. Thus, the induction shows that e Q (4) = n − 1 and e Q (5) = n.
Finally, let Q be of type T p32 with p ≥ 6, then we claim that e Q (s) = n − 1 for 4 ≤ s ≤ 6 and e Q (7) = n (so that t Q = 7). Also here we use induction, starting now with Q of type T 632 = E 8 . Assume that Q ′ ⊂ Q are quivers of type T p32 with p ≥ 6 such that Q ′ is obtained from Q by deleting the vertex ω. Then, for 4 ≤ s ≤ 7 there is just one exceptional representation M of Q of length s such that ω is in its support (the support of M is a subquiver of type A s ), thus e Q (s) = e Q ′ (s) + 1, for 4 ≤ s ≤ 7. The induction shows that e Q (s) = n − 1 for 4 ≤ s ≤ 6 and e Q (7) = n.
It remains to be seen that all indecomposable representations of length at most t Q are exceptional. Thus, let M be an indecomposable representation of Q of length s ≤ t Q , in particular, we have s ≤ 7. Assume that M is not exceptional. Since Q is a tree quiver, we must have s ≥ 6. Also, if s = 6, then Q has a subquiver of type D 4 , whereas for s = 7, the quiver Q has a subquiver of type D 5 . But if Q has a subquiver of type D m for some m, then t Q = 3 and therefore s > t Q , a contradiction. This completes the proof.
Remark. Let Q be a quiver of type T pqr with p ≥ q ≥ r ≥ 2. Then the proof shows that for Q being representation-infinite, most of the indecomposable representations of length at most t Q are thin. For any quiver Q of type T pqr , there is a unique indecomposable representation of length 5 which is not thin. For Q of type T pq2 with q ≥ 3, there are precisely 2 indecomposable representation of length 6 which are not thin. Finally, for Q of type T p32 with p ≥ 4, there are precisely 4 indecomposable representation of length 7 which are not thin. Thus, if Q is a quiver of type T pqr , let us denote by e q ≥ 4, r = 2 p ≥ 6, q = 3, r = 2 n − 1 n − 2 1 1 n − 3 2 n − 4 4
Question. It would be of interest to obtain a proof of the implication (ii) =⇒ (i) of the following kind: to use the n isomorphism classes of indecomposable representations with fixed length in order to construct say arbitrarily large indecomposable representations, or a one-parameter family of indecomposable representations.
